INTRODUCTION
Let f be a bounded function on the real line IF!. One may characterize the structural properties off by the modulus of smoothness w(t,f) = sup{lf (4 -f( y)l; x, y E 08, I x -y I < t>, and, if w(t) is a continuous nondecreasing function of t > 0 such that w(O) = 0, by the Lipschitz class Lip(w) which is the set of all continuous functions such that su~~<~<i w(t, f)/o(t) < 00. It is possible to extend this definition to functions defined on arbitrary metric spaces, especially to Riemannian manifolds. Indeed, if p denotes the metric induced by the Riemannian connection on the manifold M, then w(t,f) = sup{1 f ( P) -f (q)l ; P, Q E M, P( p, (I) < t> and Li pb) is a well defined subspace of C(M), the space of continuous functions on M. (For definitions and properties concerning manifolds we refer to Helgason [91)* The aim of this paper is to define and characterize higher order Lipschitz spaces on compact manifolds. There are several ways to introduce such concepts. For instance, if M is a Lie group with unit element e, having a right and left invariant Riemannian metric p, one may proceed as on the real line and define the r-th modulus of smoothness of the bounded function f by w,(t,f)=sup ~~~(-l)'-lj;)f(p4L)I;ptM,p(e,~)~t. where X is an element of the Lie algebra of M and exp denotes the exponential mapping on M, and that y,(s) = p exp sX is a geodesic emanating from p and parametrized by the arc length, on the group M one can equivalently define where the supremum is extended over all p E M, all geodesics yp emanating from p and parametrized by arc length s, 1 s / < t. This definition may be extended to any complete Riemannian manifold (but has not been carried out as far as the authors are aware). However, in this paper we prefer an approach to the definition of higher order Lipschitz spaces using methods of functional analysis. They will be defined as intermediate spaces of Banach spaces of differentiable functions on M which are generated by the K-functional (due to J. Peetre, compare Butzer-Berens [2] ) as sketched below. Let Xi, X, be two Banach spaces with norms 11 * IIx,, ]I 7 jlx, such that X, is continuously embedded in X, , i.e. there exists a constant c such that ]lfllx, < c 11 f/Ix, for all f E X, . A Banach space X is said to be an intermediate space of X, and X, if X, C X C Xi and the inclusions are continuous. For every f E X, the functional defined for t > 0 by Wf, XI 9 X8) = Wlf -g IIx, + t II g IIxJ, (1.1) where the infimum is extended over all g E X, , is a norm on X, called the K-functional.
Let w(t) be a function such that sup,,,,,,[t/w(t)] < co. The space is a Banach space under the norm Ilf II w.K = ,,zyl PW,f, XI , Xz)/w(t)l such that X, C (Xi , Xz)w,k C X, , i.e. an intermediate space of X, and X, .
If K E N (the set of nonnegative integers), then one defines G(M) to be the space of K-times continuously differentiable functions on M. , where w has to obey some restrictions, are the Lipschitz spaces we wish to consider here. If one considers the K-functional of a function f with respect to the Banach spaces G (M) and P+r(M), one is led to the r-th moduli of smoothness of the derivatives of the compositions f 0 y-l, where (77, v) is a chart of the aforesaid special atlas. Indeed, by Theorem 3 to follow, both concepts are, roughly speaking, equivalent.
Thus one obtains an equivalent definition of a local nature of our Lipschitz spaces. Here the local structure of a function is essential (using charts), whereas the first mentioned approach would be of a global nature (not making use of charts). But it can be shown in the case K = 0, Y = 1 (see Ragozin [15] ) that the (local) Lipschitz spaces defined using charts are equal to the (global) Lipschitz spaces Lip(w).
In Section 4 our approach enables us to characterize the Lipschitz spaces by Jackson and Bernstein-type theorems which generalize such theorems in Ragozin [16] and Johnen [l I]. Furthermore, using methods developed by Butzer-Scherer [4] , [5] we obtain embedding theorems for particular Lipschitz spaces.
In Section 5 we give other characterizations of Lipschitz spaces on the m-sphere with the aid of spherical means using methods of approximation theory. Defining a generalized Laplacian L one obtains the equivalence of special Lipschitz spaces with intermediate spaces generated by the domains (provided with suitable norms) of powers of the Laplacian L.
We write [w+ for the set of nonnegative elements of 02, and EP, Nm denotes the m-fold Cartesian product of R, N. An element x of Rm is written in coordinates by x = (xl,..., xrn) and 1 x 1 is defined by ) x 1 = (zzi (~+)~)r/~. The vectors e, E E'P, 1 < E < m, are the unit vectors in the directions of the coordinate axes, i.e. the coordinates of e, are given by e;i = St, 6,i being the Kronecker symbol. If p = p,..., pm> E N", f o 11 owing the multiindex notation, l/3 / = CEr p, p! = /-p! *a* p. ai stands for the differential operator a/&8, whereas as denotes the operator at' ..a ar. If f is a bounded function on the manifold M, then as usual 11 f/I = supPEM [ f( p)l. The set of continuous functions on M, C(M), is sometimes denoted by Co(M), and Cm(M) = nksN U(M).
Finally, QO stands for the set of inner points of subset Q of a topological space M; all constants having the same index may be different except when they occur in the same theorem or proof.
PRELIMINARIES
In this section we shall state some more or less well known definitions and facts on moduli of smoothness of functions defined on the entire UP or some m-dimensional convex subset thereof. The results are needed to prove Theorem 3, one of our main theorems in the following sections.
Let f be a function on a convex subset Q C [Wm. For h E W, r E N, the r-th difference off is defined by If Q' is a convex subset of the convex set Q C Rm such that the boundaries of Q' and Q lie at a distance 17 apart, then there exists a constant ~(7, I) depending only on 7, r (and not on f) such that for 0 < t < 1
If f E Ck(Q) and all d erivatives of order k off are bounded on Q, then
Proof. The arguments leading to the inequalities (2.3) and (2.5) follow directly as in the one-dimensional case. To prove (2.4) one observes (see Timan [18, p. 1051) that for 0 < t < q/r there exists a constant ~'(7, r) satisfying for 0 < t < q/r. Thus if T/Y > 1, (2.4) is a direct consequence of this inequality and (2.3a). If however T/Y < 1, then Q/Y < q/r for 0 < t < 1, and it follows by (2.3~) that w&f, 9') 
The integral on the right side of this inequality is equal to Proof. The proof of (2.6) follows by an iterated application of (2.4), whereas (2.7) is a consequence of (2.6) if one observes that by (2.3~) Jl ++k(u, ft Q) t UT+1 du < w,+& f, Q) j-' (; + +)r+* ilk--l du. t By induction one can show that Thus for all x E Qbn and 1 h 1 < t such that x + rh E Qa-,, . The conclusion follows at once by applying (2.5) to wk(t, E, UP) and (2.7) to tkw,k(t, f, Qd.
Not only the ordinary modulus of smoothness is used to characterize function classes on Rm but often also mixed partial moduli of smoothness. If f is a bounded function on !JP, then for y E W, u E IIP, u = (al,..., CT") one defines
The function q,(t, f, UP) is called the mixed partial modulus of smoothness of order y. Analogous to the usual modulus of smoothness we have and thus the proof is complete.
LIPSCHITZIAN CLASSES OF FUNCTIONS ON COMPACT MANIFOLDS
One aim of the paper is to give a definition of Lipschitz spaces on compact manifolds. As such a manifold is in general not a group, nor has a suitable transformation group, a characterization of the smoothness of a function f on M does not seem possible by means of "global" higher order differences of f (compare Johnen [ll] ).
But on the torus as well as on R one could define higher Lipschitz spaces equivalently as intermediate spaces of the Banach spaces Ck and Ck+r ( corn p are Butzer-Berens [2, p. 1941 ). This latter definition will serve as a model for the definition of Lipschitz spaces on manifolds.
Thus we shall consider C(M), the space of r-times continuously differentiable functions on the manifold M. As the differentiability off on M is defined by means of charts, it is reasonable to make the spaces G(M) into Banach spaces by means of charts. Let M be a compact manifold. By the compactness and the maximality of the K%f, k, h + 7) = WllfI II," + t IIf Il,U,,h (3.3) where the infimum is taken over all fi E C?(M) and fi E C+?(M) such that fi + f2 = f. Following Peetre [14] Let H, , 7 E IV, be the set of continuous and bounded functions w from Rf into R+ such that w(O) = 0 and supO< t<l [P/co(t)] < co. Then for w E H,
We have to show that Lipk( w, 7) does not depend on the special atlas U. This is given by The estimate (3.9) follows by (3.12) if one proceeds as in the proof of (2.4), extending inequality (3.12) to all t in 0 < t < 1 while using (2.3~). From this theorem one deduces at once Thus we obtained the connection with the definition of Lipschitz spaces introduced above and those considered in Ragozin [16] and Johnen [II] . The Lipschitz spaces Lipk(w, r) in the latter papers are defined by (3.13) , and the main problem there was to show that the definition of the Banach norm on Lipk(w, Y) defined by (3.14) satisfies (3.15) , or, what is equivalent, that the spaces Lipk(w, r) do not depend on the particular atlas U satisfying (E). In the case r = 1 this is obvious, whereas for the case r = 2 D. L. Ragozin (see [16] ) remarked that he was not able to prove this fact. The case r = 2 was subsequently treated by one of the authors in [I I]. But the methods used there cannot be extended to the general case. With the methods of this paper (3.15) follows easily for arbitrary r by Theorems 3 and 2.
Remark 2. One can replace the cubes Qs, Qs.+, , or QB-sn in all definitions and statements by Q, Qi , or Q2 , where Q, Q1 , Q2 are compact m-dimensional convex subsets such that Qz C Q1 C Q and the boundaries of Q and Qr as well as Qr and Q2 lie at a distance 7 apart.
DIRECT AND INVERSE THEOREMS ON BEST APPROXIMATION OF CONTINUOUS FUNCTIONS ON COMPACT MANIFOLDS
In this section we shall first derive a Jackson theorem. This is achieved by postulating an inequality of Jackson's type. Furthermore, a Bernstein inequality will be assumed for the approximating system in order to deduce a Bernstein-type theorem as well as some equivalent assertions which contain theorems of M. Zamansky and S. B. SteEkin.
Let 9 C C"(M) satisfy, 9 = UssN 9s 9 where YS C Cm(M) is a finite dimensional linear subspace,
gS C 9S+l for all s E N and G$ is the space spanned by the function P = 1. Pd
The best approximation of a continuous function f by elements of q8 may now be defined by E,(f) = Wf -P, II; P, E Z's>.
By the classical theory of best approximation (compare Cheney 
.4) id
Corollary 4 is a far reaching generalization of corresponding theorems of Ragozin [16] and Johnen [l 11. It is applicable to the approximation of continuous functions on the classical manifolds such as the n-dimensional torus or the unitary group U(n) (see [ 16, 111) . Corresponding to the classical theorem of S. N. Bernstein we will now give an inverse theorem for best approximation on compact manifolds. DEFINITION . Let B C C"(M) b e a set of functions satisfying (Pr) and (Pz), and let U have the property (E). B is said to be a Bernsteinsystem on M if to each I E N there exists a constant d(r, U) such that II p, IIF < e, UN + 1)' II pa II (Pa E a-"
With this inequality using the classical methods of proof one obtains the following theorem of Bernsteinian type. A set 9 C C"(M) is said to be a Jackson-Bernstein system on M if it is not only a Jackson but also a Bernstein-system on M.
If w(t) = P, 0 < n < Y, Corollaries 3(a) and 5 reveal that if there exists a Jackson-Bernstein system on M, then the statements f E Lb+, 4 and supsal saEs(f) < 00 are equivalent. These are the contents of the theorems of Jackson and Bernstein valid on the one dimensional torus. Recently (see Butzer and Scherer [4] , [5] ) it was shown that the assertions of the theorems of M. Zamansky and S. B. Ste6kin concerning best approximation by trigonometric polynomials on the unit circle are equivalent to those of the theorems of Jackson and Bernstein. This remains true for best approximation on the n-dimensional torus (see Johnen [lo] ). As a matter of fact, the equivalence of these four theorems is a property common to all Jackson-Bernstein systems on compact manifolds. This is given by the following: Proof. The equivalence of the assertions (a)-(c) follows immediately from a general theorem due to Butzer and Scherer [5] . The other equivalences follow by Theorems 4, 5, and Corollary 2.
We remark that the equivalence of (d)-(f) also follows in view of the stability properties of the K-functional (compare Butzer and Scherer [4, p. 31 ff.]) and C orollary 2. Here we have established these equivalences under the suppositions that Jackson-Bernstein systems are prescribed. But such systems exist on every manifold diffeomorphic to a homogeneous space G/K, where G is a compact Lie group and K is a closed subgroup of G. Then by a theorem of Mostow [12] there exists an equivariant embedding of the manifold G/K in some IV, where the restrictions of the algebraic polynomials serve as a Jackson-Bernstein system (see Ragozin [ 161).
APPROXIMATION BY FINITE SUMS OF SPHERICAL HARMONICS AND CLASSES OF FUNCTIONS ON THE ~-SPHERE
In this section we shall apply the results of the last section to the approximation by linear combinations of spherical harmonics on the particular manifold of the unit m-sphere. Furthermore, we shall establish an approximation theorem not based on the previous sections and use it in connection with a Bernstein-type inequality in order to compare function spaces on the unit sphere.
Let Q, = {X E IV+l; 1 x 1 = l} be the m-dimensional unit sphere in l!P+l, its points denoted by p. If H,(X) is a homogeneous polynomial of degree s in m + 1 dimensions which satisfies AH,(x) = 0, where A = Cyz51 8 i2, then the restriction of H, to Sz, denoted by H, , too, is called a spherical harmonic of order s. The class of spherical harmonics of order s is of course a finite dimensional linear subspace of P(sZ,) and is denoted by yt", .
Let us write Q instead of Sz, if there is no danger of confusion. If do is the rotation invariant surface element of S, then the scalar product (f, g> = v-l 1, f(P) i?(P) do(P), (5-l) of f, g E L2(sZ, do), where v = sn do, makes L2(Q, do) into a Hilbert space. By Green's formula it turns out (compare Miiller [13] ) that spherical harmonics of different order are orthogonal to another.
If P8 denotes the set of restrictions of algebraic polynomials in W+l of degree <s to 52 and g8",' the orthogonal subspace to P8 with respect to (5.1), then following Seeley [17] (see also Ragozin [15] ) we have it follows for 0 -=zz S < 7r/2 and f E D(L) that Gif, 3 < c~211-cfII, (5.11) If 7r/2 < S < z-, one observes that
and applies (5.13) to the right side of this inequality noting the monotonicity of w(S,f, S) to conclude that (5.13) holds for 0 < S < rr.
From (5.12), (5.13), and the corresponding property for K(h2S2, f, C(Q), W)), one deduces the existence of a constant c (independent off) such that 4&f, S) < c m=(l, WS2 Ilf II + 4&f, S)l (A > 0). (5.14)
Using methods of Diafarov [S] this leads to a generalization of a theorem of his in the sense that we compute E,(f) by the modulus o(S,f, S) itself, whereas he estimates E,(f) under the restriction m = 2 and w(S,f, S) < crw(S), 0 < S < 7~, where w(S) has to satisfy S-%J(S) < c2t-"w(t), 0 < t < s < 7r, 0 < a! < 2. is an element of 0: a Zi , where js(( p, q)) = J,(cos t) = K8(t) and (p, q) = cos t = fy=:' xiyi withp = (9 ,..., z~+l), q = ( y1 ,..., y"+l).
Introducing polar coordinates one has j-, J,(<P, tz)) f (a) do(q) = G-, ,: G(t) &f(~') sinl"-~ t dt. That is, the spaces Lip'Jw,) and 1 ip"'(w& , 2) are equal with equivalent norms.
COROLLARY 6. Let f be a continuous function on Sz. f E Lipi( 0 < a < 1 (respectively, 0 -C 01 < 2), if and only iffor every choice of vector fields X, ,..., X2,. the function X, ---X,,f belongs to Lip(w., 1) (respectively Lip(w, , 2)). By (5.18) and Corollary 6 we obtained a characterization of a global nature for the Lipschitz spaces Lipzr(ua , 2), 0 < u < 2, and Lip2T(w, , l), 0 < (y. < 1, which are defined locally. It would be of interest to characterize them by properties of the modulus function %W, 9 = suPo<Ugs Il(&4 -WII, r 2 2. 0 ne way to obtain such a characterization would be by using Jackson and Bernstein-type theorems as has been considered here. But the authors could not follow the proof of Diafarov's [8] Jackson-type theorem using w,(6,f, S) for r > 1, nor could they prove a theorem corresponding to Theorem 3 for the K-functional interpolating between D(Lk) and D(Lk+r) in case r 2 2.
Finally we remark that the results established for the unit m-sphere can also be shown for arbitrary compact homogeneous spaces. These questions and the treatment of certain approximation processes on compact manifolds will be considered in a further paper.
